A semigroup is said to be eventually regular if each of i t s elements has some power that is regular. Regular and group-bound semigroups are each eventually regular. 
Introduction
In 1958 Drazin [3] introduced the concept of a pseudo-invertible element of an associative ring or semigroup. He defines a function x •* x' , "somewhat analogous to the generalized inverse function, over the elements of arbitrary finite-dimensional algebras, and even of an extensive class of associative rings" (see [3] , p. 506).
Munn [?J] studied further these pseudo-inverses in semigroups and
found that an element x of a semigroup 5 is pseudo-invertible if and 24 P.M. Edwards only i f some power of x l i e s in a subgroup of S . This naturally leads to the study of group-bound semigroups (see Hall and Munn [7] ) which are semigroups in which each element has some power in a subgroup or equivalently, semigroups in which all elements are pseudo-invertible.
-•'
Not a l l regular semigroups are group-bound. Define a semigroup to be" eventually regular if each of i t s elements has some power that is regular.
Thus in particular if a semigroup is regular or group-bound i t is an eventually regular semigroup.
A generalization of the concept of eventually regular will also proveconvenient. Define a semigroup S to be idempotent-surjective if whenever p is a congruence on S and ap is an idempotent congruence class in 5/p , then ap contains an idempotent of S . It will be shown that a l l eventually regular semigroups are idempotent-surjective semigroups.
In Section 3 similarities between regular, eventually regular and idempotent-surjective semigroups are explored and i t is shown that many results for regular semigroups extend to eventually regular semigroups or even to idempotent-surjective semigroups. Thus in particular these results are also valid for group-bound semigroups.
Lailement's lemma ( [ 9 ] , Lemma 2.2) is extended to eventually regular semigroups. In fact a stronger result will be shown namely that if S is eventually regular and < { > is a morphism from 5 onto a semigroup T such t h a t , for e and d in S , c § and < 2 ( J > are mutual inverses in T , then there exist a, b in S such that a<J> = c<f> and b$ = d<$> with a and b mutual inverses in 5 .
We define a relation, denoted throughout this paper by p , on an arbitrary semigroup 5 and show that i t is an idempotent-separating congruence. For an eventually regular semigroup S , we show that \i is the maximum idempotent-separating congruence on S and also show (see Example 3 in Section 5) that a semigroup may have a maximum idempotentseparating congruence that is distinct from U .
In Section h, some of the results obtained in Section 3 are applied to biordered sets and conditions are found on a congruence p on a semigroup 
semigroup then E(S/\i) 3= E(S) .
Section 5 contains some counterexamples to possible extensions of the results to arbitrary semigroups.
Preliminaries
Whenever The empty set will be denoted by • , the identity relation on a set X will be denoted by 1^ and the conjunction of L 5 L^ and R 5 R-, will be denoted by ff fl 2 H^ . idempotent-surjective semigroups.
Eventually regular semigroups
In preparation for the next section, this section concludes with an investigation of idempotent-separating congruences on eventually regular semigroups including the determination of the maximum such congruence. When applied to regular semigroups Theorem 1 reduces to Lemma 1 of Hall [6] . For group-bound semigroups, in particular for finite semigroups, Theorem 1 appears to be new.
THEOREM 3. Let S be an eventually regular semigroup and p a congruence on S contained in L . Then for each element a in S , a is an element of a subgroup of S if and only if ap is an element of a subgroup of S/p .
Proof. Just use Theorem 1 instead of Ha I I 's Lemma 1 in his proof of Theorem 15 in [6] .
THEOREM 4. Let S be an idempotent-surjective semigroup with E(S) t • . Define a relation o on S by
o = {{ef, fe) € S x 5 | e 2 = e, f = /} .
Let o* be the congruence generated by a . Then E(S/o*) is a semilattice and so the set of regular elements of S/o* is an inverse semigroup. Also a* is the finest congruence that has this property and moreover, if p is a congruence on S with o* c_ p , then the regular elements of S/p form an inverse semigroup.
Proof. As S is idempotent-surjective each idempotent congruence class contains an idempotent. This together with the definition of a* easily leads to a proof of the claims made in the theorem.
A corollary to this theorem is Result 3 of Hal I [5] , namely that if S is regular then a* is the finest inverse congruence on S .
For the definition of categorical at zero and its related concepts see 
(. B and because BAB = A = A 2 , A i E[B{S/P*)B) .

A
Since bSb is idempotent-surjective, (p*) \ F ij } ah) maps E(bSb) onto
E[B[S/P?)B)
. 
THEOREM 9. The following are equivalent for a congruence a on a semigroup S : (i) a c u j (ii) for all e € E{S) , for all b in S , (e, b) € a implies H s H-, ; (Hi) for all regular elements a in S , for all b in S , {a, b) € a implies H 2 H, ; and if S is eventually regular then each of the above is equivalent to (iv) a is idempotent-separating.
Proof. That (i) implies (ii) follows easily from the definition of V •
We now show that (ii) implies (iii).
Assume ( 
We now show that (iii) implies (i).
Assume (iii) and take from (a).
The equivalence of (i), (ii) and (iii) i s now clear and that (i) implies (iv) i s t r i v i a l . I f S i s eventually regular then (iv) implies
THEOREM 11 . If S is an eventually regular semigroup then \i is the maximum idenpotent-separating congruence on S .
Proof. The proof follows immediately from Theorem 9.
Note t h a t , as Example 3 in Section 5 shows, there exist semigroups which have a maximum idempotent-separating congruence not equal to u .
Biordered sets
Let p be a congruence on a semigroup S . The results of the previous section can in some cases be used to determine when the idempotents of S and of S/p form isomorphic biordered s e t s . We also show t h a t , i f S i s an eventually regular semigroup, then i t s biordered s e t of idempotents i s an M-bidrdered set (for definition, see below). F i r s t , some background material on biordered sets will be useful.
For a definition of a biordered set, i t s related axioms and concepts see Nambooripad [72] or Meakin [10] . The notation of [72] and [70] will be used and is as follows. 
E(S) ^E{Sla) .
COROLLARY 14. Let o be an idempotent-separating congruence on an eventually regular semigroup S . Then E(S/a) = E(S) and so in particular E(S/\i) S E{S) .
Proof. By Theorem 11, a c y , and by Corollary 2, a is idempotentsurjective. 
Thus, by Lemma 13, E{S/o) S E(S) .
THEOREM 15. Let S be any semigroup. Then S/\x is finite if and only if E{S) is finite. Furthermore, if y is an idempotent-surjective congruence, then E(S/\i) ^ E(S) .
Proof. If E(S)
is
E(S) s E(T) j for some finite semigroup T , if and only if E(S) is
finite.
Proof. If E(S) is finite the result follows from Corollary lU and
Theorem 15 by taking T = S/\i . The converse is immediate.
Another observation obtainable from Theorem 15 is that the class of biordered sets arising from finite semigroups coincides with the class of biordered sets arising from semigroups with only finitely many idempotents and for which U is an idempotent-surjective congruence. Example h of Section 5 is of a finite biordered set that comes from no finite semigroup and Example 3 is of a semigroup for which u is not an idempotent-
surjective congruence and E(S/\i) ^ E(S) .
The sufficient conditions mentioned in the previous few results are in some cases necessary as shown by the next theorem. 
\E(S/p)\ < \E(S)\ . Therefore E(S/p) £ E(S) . The converse follows from
Corollary lit.
The requirement that E(S) be finite is clearly needed since, for example, any infinite chain C has u = 1 _ and has non-trivial congruences p such that C s; C/p . Theorem 17 also has the following immediate corollary.
COROLLARY 18. If p is a congruence on a finite semigroup S then E(S/p) ^ E(S) if and only if p c y . PROPOSITION 19. Any eventually regular semigroup is an M-semigroup.
Proof. Let S be an eventually regular semigroup (so E(S) t • ] .
Let e , f be elements of E(S) ; then there exists n > 1 such that
and put k = {fefxifef .
f) .
Example h, below, shows that there is an Af-semigroup whose biordered set is not the biordered set of any eventually regular semigroup. Thus the class of Af-biordered sets is more extensive than the class of b iordered sets arising from eventually regular semigroups. From Proposition 19, a necessary condition for a finite biordered set E to come from a finite semigroup is that E be an Af-biordered s e t ; but again Example h shows that this is not sufficient.
Examples
Hot all eventually regular semigroups are regular or group-bound as shown by Example 1. EXAMPLE 1. Let T and R be eventually regular semigroups and 
Fdi{e}oi{l) so certainly E{S) ^ E{S/v) . Thus the second assertion of
Corollary ik is not true for arbitrary semigroups. The congruence p is idempotent-surjective and shows that both the l a t t e r assertion in Corollary 2 and Lemma 7 are false for idempotent-surjective congruence classes of arbitrary semigroups.
Finally the congruence a on 5 whose congruence classes are ( l , e}o and F is not idempotent-separating but E{S/a) = {F, {e, l}} with flo{l} and so E(S/a) ?* E{S) . In this case there was both a collapse and a creation of idempotents which in effect mutually cancelled each other. EXAMPLE 4 (Hall) . Let R be the free semigroup on the idempotent generators e, f . Extend R to a semigroup P by* adjoining idempotents g, h satisfying gr = rg = g , hr = rh = h for a l l r € R and with gKh . Let E be the biordered set of P . Then E = {e, f, g, h] , for which the relations guie, guf, hdie, huf and gVh hold, is an W-biordered set and so P is an W-semigroup. However E is not the b iordered set of an eventually regular semigroup. ) . M{e, f) = {g, h) so without loss of generality k = g (by symmetry). As g = {fe) x(fe) and gtoe and gmf i t follows that g = {fefifefxifefifef = {fe) 2 " 1 . From g = (/e) 2 " and hue and to/ i t follows that h = h{fe) = hg , whereas, from hRg we have hg = g , a contradiction.
